1 Cash in advance model
Cash in advance
e Adding money to model

— Somewhat ad hoc method
— NOT micro foundations for why people hold money

— we assume that they must

Assume that one needs money to purchase consumption good

e Carry money over from pervious period (plus some possible transfers)

velocity is constant (one cycle per period)
e Story

e [ show two ways to solve the models
Model of Cooley and Hansen

e Unit mass of identical agents

e Will assume indivisible labor (not a big deal)

Agents will need money to make consumption purchases
— money held over from previous period

e Government can make direct lump-sum transfers or taxes of money

Addition of money means that second welfare theorem need not hold

— individual decisions based on
x aggregate amount of money
* price level

The model

e Households’ maximize -
EO Z Btu(ci’ hi)
t=0
e where

o . In(1—h i
u(cy, hy) =Inc; + {An(ho)} hy
0



e Production takes place with production function

Yt = )\thHtlie

e Technology follows
In(A+1) = vIn(A) + 041

The model
e Comptetive factor markets imply that
wy = (1 —0) NKIH?,

and
re = ONK] T H]T.

1
th/ hidi,
0

1
K; = / kidi.
0

e The households budget constraint is

e Aggregation conditions are

and

The model

| i ; ; omi g+ (g — )M,
CH%&%=wthé+mkz+(1—5)k;+ -l (g; ) M1y
t t

mg
Pt
— mi_;+(g¢—1)M;_1 is money from the previous period plus transfers
(or taxes) from the government

is the real value of money carried into the next period

— g is the gross growth rate of money: M; = g:M;_1
e The cash-in-advance constraint is
peci <mi_y 4 (ge — 1) My

— This is an additional constraint on consumption
— Want it to always hold (with equality)

— Need to have gross money growth greater than discount factor, 8
Normalization issues

e Models are valid close to stationary states



e Need to have stable models so that they stay near SS
e Money is a problem
— Money is a stock

— An increase in the growth rate imply change of level

— No reason to return to old level
e Two methods of normalizing

— Measure all nominal variables relative to the aggregate money stock
— Measure all nominal variables in real terms (divided by price level)
Normalization issues
e Method of Cooley-Hansen
— They divide all nominal variables by money stock

— define py = py /My, mj = mj/M,, and M, /M, =1
— Cash-in-advance constraint is

pr g miyF (g —1) My

M M,
or
Fic = my_q+ (g0 — 1) My
gt M1
Pic = Mi_y + (g —1)
gt

— Budget constraint is
o~

; ; m . , A1 (g— 1
cé+k§+1+ﬁ::wthgwtkﬁ(l_a)kﬁtl(gt)

giDt
Normalization issues
e Real balance method

— Divide all nominal variables by the price level

— They usually show up in real equations in this form anyway
— A family’s real balances are

m/p=—
/ o,
and the economy real balances are
- M,
M/p=—.
bt



— Some care needs to be taken with the lagged money variables.

stationary state, g = 7. In the stationary state

miq _ miq _ m/p _ m/p
Pt TtPt—1 ™ g
Normalization issues
e (Cash-in-advance constraint is
o omi_ P M;_1 P
¢ = t—1 t1+(gt_1) t—1 11
P P4 P P
mi_, 1 M;_11
G=p 1) p——
Py my Py m

In a

e The flow budget constraint (after removing the cash in advance constraint)

is
kjq + ?t = wih + 1ekj + (1 — §)k}
t
e Will have variables P; and M; that could have a unit root

— not a real problem because they always appear together
* and they are co-integrated

— real variables of model do not have unit roots
e Go back to Cooley-Hansen’s way
Full model
e Households max

max Ej Z (ﬂt Inc + {Aln(lhho)] hi)
0

t=0

subject to the budget constraints

Mt (g 1)

C; — —
k gDt
7 7 mz — 7 — — 7
ct+kt+1+p7: = (-0 NKH; )R} + (0NK]'H} %) K}
Coomi 4 (g —1

gtDt



e The law of motion for the stochastic shock
InAy1 =vInA + ag\H
Full model
e The growth rate for money that is either a stationary state rule,

gt=9g

or a stochastic rule

Ingi1=(1-m)Ing+nlng +ef 4

e The aggregation conditions for an equilibrium are

Kt - k;

H, = &l

Ct = Ci
and - '

Solving the model

e The first order conditions and constraints for households

1 Wi

- = F 1-6

3 Yot [( )+ 7]

Bg 1
2 - _BEtﬁ
WPt Pt+1Ciyq
Py my_ +g—1
picy =
gt

kt+1+p7 = (1—5) kt+wtht+rtkt

t

e Factor market conditions

K 0 K 0—1
wy = (1—0) N [Hﬂ and r; = O\, [Hﬂ

t t
e Equilibrium conditions
Ct:Ci, Ht:hi, Kt+1 :k}tiJrl, and Mt:ﬁﬁzl

Stationary state



e The equations for finding the stationary state

1
= = (1-6)+T
5 (1-0)+7
B _ _E
w  gC
pC = 1
1 N
= = F-9)K+w
5 (F—0)K+w
—0
K
T o= (1-0)|=
v = 1-0|7]
—-0-—1
rzem
H

Stationary state

e Solving the equations of the stationary state give

1
Fo= ——(1-6

5( )

—-0 6

. B K B B fe—l
5 - a-o[E —a-0]
o - _pBw
c = 7B
= _ 1
p - 67
j

r_s
_ N
H = <9 K
Y = C+0K

Stationary state

e Parameter values are § = .99, § = .025, § = .36, A = 1.72, and hg = .583,
so B = —2.5805

e These give stationary state values of



variable | value in s.s.
.0351
2.3706
0.0095
g
1.0995g
12514

g
0.3302

1.2231

== =) Ql =l s

k!N

e Notice how the growth rate of money affects real variables

ln( 0.95095 )—2.5805 0.35302

e It is also possible to calculate the welfare loss from inflation:utility =
= —100Ing — 2% — 9.486

1-.99

Solving the dynamic model: version 1

Cooley and Hansen used linear quadratic method

e Problem: there are two economy wide variables, K; and p;

These do not come directly from individual maximization problems

Come from aggregation or equilibrium conditions

e Individual maximization problems do depend on these

(we will also want to remove labor (both individual and aggregate) from
model

Solving the dynamic model: version 1

e How to proceed

e climinate consumption from optimization problem using c-i-a constraint

maXEoi (g In [fﬁ%l (9 = 1)} N [Aln(l - ho)] hi)

Pt GiDr ho

e Using remaining budget constaint

1

i m _ i — - i 7
ki i+ ﬁ—t = (1= 0) MKV H; ) Bl + (ONK{ T H ) ki + (1 - 0)k;
t

and simplify to get

¢ i 0 771—0 ht ki
kt+1_(1_5)kt+§7: = ()\thHt ) (1—9)#’;&-5-9?1

Solving the dynamic model: version 1



e Sum across households to get
1
KHy+§=mJ¢Hfﬂ+u—5m;
t

which can be solved for aggregate labor as

1
-0

" K — (1= 0K, + 4
‘ MK

e Individual labor is then

? ptft

ki — (1= 08)k; + 79 {Kt+1 —(1-0)K; + %} ki

__0_ 1
(=0) [Koa = = 0Kt £] 77 R?] ™

Solving the dynamic model: version 1
e Put all this into the objective function
= m -1 In(1—-~h
max F Z (ﬂt In [mtl +,(\gt )} + [An< 0)} X
k‘iﬂﬁll’ t=0 9Pt hO

é+1_(1_6)k§+%_H[Kt+1—(1—6)Kt+ﬁ—1t:|%

T 1
(1-0) [KH —(1-0)K, + ﬁ%} " \KO] T
subject to the budget constraints

k§+1 = ki+1
i = i
I(Ary1) = yIn(A) + ey

Ingi1=(1-m)g+rlng +el,y
Solving the dynamic model: version 1
e State variables: i = [ 1 A\ ki @i, g K|
e Control variables: yj = [ ki, mi ]/
e Economy wide variables Z; = [ Ki1 Py }/
e Write the linear quadratic objective function as

Tt

[37% Yy ZQ}Q Yt
Zy



e Given this objective function, we want to solve a Bellmans equation of the
form

Tt
Ty Pry = max [z, y 20 ]1Q| ye | +BEo v}, Pris]
t Zt

subject to the budget constraints

Ti41 = Al‘t + Byt + CZt + D8t+1

Solving the dynamic model: version 1

e rewrite the matrix @ as

R W X’
Q=|W T N |,
X N S
e write
Tt
[:EQ Yy ZQ}Q Yt
Zy
as

Ty Rry + i Ty + Z,SZy + 2y, Way + 27, Xz + 2Z{Ny;.
e The last part of the Bellmans equation can be written as

BEo [} 1 Priy1]
= /BEO [(Aa:t + Byt + CZt + D€t+1)/ P (Afl?t + Byt + CZt + D8t+1)}

Solving the dynamic model: version 1
e First order condition are
0= Tyt + Wl't + N/Zt + ﬂ [B/PAl't + B/PByt + B/PCZt]

or

e When (T + SB'PB) is invertible, the linear policy function is

vy = —(T+BB'PB) " (W + BB'PA)ux,
—(T+BB'PB)"" (N + BB'PC) Z,



e which we can write as
ye = Py + Iy Zy,

with
F, = —(T+BBPB) ' (W +BB'PA)
ho8 — (T +BB'PB)"" (N + BB PC)

Solving the dynamic model: version 1

e The value function P that we want fulfills

xy Py
Tt
= |2, (An+FZ) Z 1Q| Fizi+ 22,
Zy

+B[(A+ BF)a + (BF +C) Z) P[(A+ BF) x, + (BF, + C) Z)]

e Unfortunately, the Z; variables are still a problem
Solving the dynamic model: version 1

e Handling the economy wide variables

e We can aggregate (integrate over) the controls to get

1,; .
[ [ et ] [ e
o f [, midi 1

e An aggregated version of the policy function is

1 1
/%mzm/mW+5@
0 0

K. L
[ tl+1 ] :Fl/ xi g di + FyZ;
0

or

Solving the dynamic model: version 1

e Since ' _ _ )
ZC; = [ 1 >\t kz’ ﬁl’i—l gt Kt ] s

e The integral of this vector is

1
/m\t :/ $;+1di = [ 1 )\t Kt 1 gt Kt ]7
0
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e we can construct a matrix

SO~ OO -
S ODO OO
OO OO oo
OO OO oo
O OO OO
_ 0 O = OO

e So that 7; = Gz, for all 4
Solving the dynamic model: version 1

e The aggregate version of the policy function is

|: Kt+1 :| = FlG.Ti—FFQ |: K},ij_l :l
t

1
. . K
e This equation can be solved for the vector { 5“ } as
t

K 1| K _ i
t

or as
Kier g Ben | gy
ﬁt 1 t

Solving the dynamic model: version 1

e Recalling that the first element of x% is always 1, one can find a function
of the form

Zt:F31'7i
e Here
Hii+J12 _Hip
F; = S ) o
- Jo1 H
Hoy oo+ 252772 Hop+ 215712
H13 H14
17:}11H —J Ly
21 Hi3 21H14
Hyz+ - H24+ o
H15 HlG
1— §11H 1— ‘}MH
21Hs 21Hi6
Hy +1 Ji1 Hy +1 Ji1

Solving the dynamic model: version 1
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Bellman equation is

P
I,
- [L F+FF F Q| F+FF
F3

+8[(A+ BF)) + (BF, + C) F5] P[(A+ BF)) 4+ (BF, + C) F3]
e To solve, choose Py
e Find FP, FY and using these find FY
e Use these along with Py in the above equation to find P;
e Repeat until conversion is close enough
Alternative method for solving
e Log-linearization of the model

First order conditions

— budget constraints

— market equilibrium conditions (competitive or not)

Aggregation and other equilibrium conditions
e Economy wide variables are not, in general, a problem

— optimization already done

— model usually in aggregate variables
Cash in advance Model

e First order conditions

1 W

- = F — (1 -6

3 Yo [( )+ el
Bg 1

g = —fEi——7,
WPt Pt+1Ci 41

e the cash in advance constraint
~i
i mi_g+g—1

Dt Ct = )
gt

e the flow budget constraint

o~

kjq+ th = (1—10) k; + weh} + rik;.
t
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Cash in advance Model

e Factor market conditions
0
K
Wt = (I—Q)At l:t:| s
and

0—1
K

Tt = 9)\,5 [Ht:| .
t

e Equilibrium and aggregation conditions are

Ct =

= ¢ Hy = hi,
Kipn = kiyy My=my=1
e Stochastic processes

InAy1 =vIn A + si‘,
and

Ingiy1 =(1—7)ng+mlng +ef, ;.
Log-linear version of model

e The log-linear version of the first order conditions are

—wy = BB [F (Tey1 — Wey1) — (1 — 9) Wey1]
and

=0gt+1
g
having used the cash in advance constraint in the form,

_g[ﬁt+@t]:5Et {1 ]
pw

gibrey = My_y +g: — 1
e The flow budget constraint is

E%t—&-l +

IR

[ — ] = wh [i&t + ﬁt} 7k [ﬁ + Et} 4 (1 - 0)Ek
Log-linear version of model

e Factor market condtions are
=K H [Xt +(0-1) {f{t _ ﬁ[tH
and

v, =K H ' [Xt 1o [f(t _ Ert”
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e The stochastic processes are
Y5 A
Aty1 = YA+ e

and
Jrv1 = TGt +€fy

Getting rid of an annoying expectations

e One can remove the expectations from
B _ 1_
—— [Pt +wi] = BE; |:gt+1]
pw g
e by using the process for money growth,
Ji+1 = TG + €744

e Since the expectation of the error is zero, one can eliminate the expecta-
tions operator, and get

B ™
*]% [Pt + W] = %gt

The full model

e The equations without expectations are

- 1 _ _ . -
0 = KKt+1—:pt—ﬁH’wt—wHHt—FKTt—FKKt—(1—6)KKt,
p
0 = 7—A—(0-1K,+ (0 —1)H,
0 = ﬂjt - Xt - 9[?75 + Gﬁh
0 = pr+w—mgs

e one equation in expectations
0 = ﬁt + BFEt'Ft—&-l — .E’t'Lfljt_;,_l7
e two stochastic processes for the shocks to technology and money growth,

A1 = YA+ e,

Jiv1 = TG +eliy.
Solving the model

e The model can be written as

14



0 = Axzy+ Bxy 1+ Cys + Dz,

0 = Et[F$t+1+G.’Et+H£Ct,1+Jyt+1+Kyt+LZt+1+MZt]7
Zzt41 = Nzg+ g1,
Tt
where xt:[kt+1:| , Yp = @ ,and zt:[it],
H, gt
Pt
The matrices A to N are
K
0
A= 0
0
-TF+1-90)K
_ (1-10)
B= 9
0
7K —wH —wH —%
1 0 -1 o0
¢= 0 1 0 0
0 -1 0 -1
0 0
1 0
D= 1 0
0 =«
F =[0] G = [0] H =0
J:[ﬁ? -1 0 O]
K=[0 10 0]
L:[O O] M:[O O]
I
v=13 7]

Solution of model
e We look for a solution of the form
Tiy1 = Pry + Qz
and

yr = Rxy + Sz

15



e Where
(F—JC*A)P? — (JC'B-G+ KC'A)P-KC'B+H=0,

and that
R=-C (AP + B),

vee(Q)
— (N®(F—JC'A)+ [, ® (FP+G+JR—KC'4))""
xvec ((JC™'D—L)N+KC™'D - M),

and
S = —C_l(AQ + D).

The solution matrices are

P = [0.9418]
Q= 0.1552 0.0271 |

—0.9450
0.5316
—0.4766
—0.5316

1.9418 —0.0555
0.4703 0.0312
1.4715  —0.0867
—0.4703  0.4488

R =

S:

Variances

e How adding money shocks affect variances

ox = .0036 ox = .0036 o = .0036

Variable |7 " _ g o, = .01 o, = .02
Y 0.0176 0.0176 0.0178
c 0.0098 0.0119 0.0168
jj 0.0478 0.0496 0.0535
K 0.0130 0.0129 0.0130
7 0.0147 0.0147 0.0148
W 0.0098 0.0098 0.0098
H 0.0110 0.0110 0.0112
[ 0.0098 0.0109 0.0138

Correlations with output

16
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Figure 1: Response of Cooley-Hansen model to technology shock

e More money shocks reduce correlations with output

: oy =0036 | ox=.0036 | o= .0036
Variable o, =0 o, = .01 o, = .02
Y 1.0000 1.0000 1.0000
C 0.8234 0.6666 0.5094
1 0.9472 0.9060 0.8030
K 0.6166 0.6106 0.5966
7 0.7149 0.7173 0.7161
w 0.8234 0.8186 0.8045
H 0.8753 0.8758 0.8715
7 —0.8234 —0.7291 —0.5993

Impulse response to technology shock

Response of Hansen model (no money) to tech shock
Response of Cooley-Hansen to money growth shock
Comments

e Note that variances and impulse response functions do not depend on the
level of stationary state inflation

Look at the first row of the A, B, C, D matrices

All elements are divided by g

e The relative values of this equation do not change with g

So the dynamic model does not change with g

17



Figure 2: Response of Hansen’s model to technology shock

50 60 70 80 90 100

Figure 3: Response of Cooley-Hansen model to money growth shock
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Seigniorage

e Alternative method of adding money to the economy
e Government consumes some goods

e Pays for these goods by issuing new money

e Budget constraint of the government is

My — My
bt

9t =Gt =
with the stochastic process
Ing; =nlng;_1 +¢&f
e Money issued depends on the real purchases of the government
Seigniorage

e Normalize by money stock at date t

e Government budget constraint becomes

My My_1 1— 1
~ M My Pt

e Notation: Now ¢, = My/M;_4
— It is the gross growth rate of money (NOT g;)
Seigniorage

e Rest of model: household optimization problem
Eo)_ Bu(ci,1 - hj),
t=0

e subject to the sequence of cash in advance constraints,
~i
.om
~ 1 t—1
ptct S )
t

e the sequence of family real budget constraints,

~1

ki i+ th = wihl + ki + (1 —6)ki.
t
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Seigniorage
e the economy wide cash in advance constraints ( at equality) are
peCr +pege = pCo + pegig = My,

or
piCr + prgig = 1,

e The cash in advance for the households is
p:Cy = My_q,

e dividing both sides of this equation by M;,

=N 1
ptct =
t

e The real budget constraint for the economy is

Ct + Kt+1 + /g\fg = ’LUth + Tth + (1 — 6)Kt,

Seigniorage
e Competitive factor markets imply that
re = ONK) T HT,

and
wy = (1— ) NKIH?,

Seigniorage

e First order conditions are

1 1-—
2 —B8E |:7‘t+1 + 5:|
Wt W41

e and B 5

Seigniorage: Stationary state

e From FOCs ]
- =74+ (1-9
5 (1-9)
and ~
_pw _m
B D



red seigniorage
—
~
T

]
]
T

]
1]
T

01F

nfation (x100%)

e From factor market
0 -0
w=(1-0)|+—F——
)
e From government budgetr constraint
N 1
gp=1—-—
12
e Some algebra gives
__Pu
Y~ Bg+ pw
Seigniorage
e Bailey curve (example economy)

Seigniorage: log-linear version

e Model is

0 = w+TPEri11 — By,
0 = _{Et +§ta

o~ o~ 1.
0 = pglpi+ g — =%,

®

- 1. .~ .~ .

0 = KKt_;'_l*Z:)pt*wH |:’LUt+Ht:| —7K |:Tt+Kt:| *(1*§)KK,5,

= F-A—(0—-1K,—(1-0)H,,
= W — M\ — 0K, + 6H,.

21



e Plus the stochastic processes for technology and government expenditures

Seigniorage: log-linear version

Tt
Wt

Define variables as x; = {Et+1}7 ye=| Dt

Pt
H;

write the model as we did earlier

0 = A.’ﬂtﬁ’B:Ithl +Cyt +.DZt,
0 = E; [th+1 +Gxy+ Hryo1 + Jyse1 + Ky + Lzeypr + Mzt] ,
zt41 = Nz +erqa,
e Solve for
Tip1 = Py + Qz
and
vy = Ry + Sz.
Seigniorage: results
g 0 .01 1
P [.9697] [.9697] [.9697]
Q| [.07580 0] [.07580 0 | [.07580 O |
—0.4300 —0.4300 —0.4300
0.4781 0.4781 0.4781
R —0.4782 —0.4782 —0.4782
0 —0.0053 —0.0591
—0.3282 —0.3282 —0.3282
0.2536 0 0.2536 0 0.2536 0
0.5802 0 0.5802 0 0.5802 0
S —0.5802 0 —0.5802 0 —0.5802 0
0 0 —0.0065 0.0111 —0.0717 0.1235
1.1662 0 1.1662 0 1.1662 0
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