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I. Introduction

The assertion that poverty should be conceived and measured in a multidimensional
setting has received widespread agreement in the literature and captured the attention
of researchers, institutions and policymakers. At a conceptual level, Amartya Sen’s
seminal work in the Eighties represents a turning point regarding the desirability to
extend the attention beyond income and economic resources and to conceive poverty
as a condition of functioning failures or a lack of opportunities in a multidimensional
setting. However, at a measurement level, it is principally in the last decade that
scholars have addressed their efforts to this field of investigation and significant
contributions have been offered. These include (i) multidimensional poverty indices
(Tsui 2002; Bourguignon and Chakravarty 1999, 2003; Alkire and Foster 2008,
among others)!, (ii) non-aggregative strategies such as multidimensional poverty
orderings and stochastic dominance (see, in particular, Bourguignon and Chakravarty
2002; Atkinson 2003; Duclos, Sahn and Younger 2006), and (iii) multidimensional
poverty analysis based on the use of multivariate statistical techniques (Krishnakumar
2008; Asselin and Tuan Anh 2008, Krishnakumar and Ballon 2008). Despite the
growing attention paid to multidimensionality in poverty measurement, many issues
are still open to discussion and thus far most empirical work on poverty is still largely
based on the unidimensional income (or consumption) space.

As in the unidimensional case, multidimensional poverty measurement involves
a series of value judgements such as, inter alia, the choice of the poverty index and
the level(s) at which the poverty threshold(s) should be set up. However, when
multidimensionality comes into the picture, additional arbitrariness arises regarding
the selection of the dimensions deemed relevant for poverty evaluation, the method
of aggregation across dimensions and the relative importance to be assigned to each
of them. This paper will focus particularly on this last issue, abstracting from the
criteria for the selection of poverty dimensions and borrowing the method of
aggregation from the Set of Additive Poverty Indices discussed by Bourguignon and
Chakravarty (2003).

! As Brandolini (2007) outlines, the use of multidimensional indices should be distinguished from what
he classifies as “fully aggregative strategy” based on the construction of a composite index of well-
being at individual level in a way that poverty evaluation can be brought back to the unidimensional
space (Maasoumi and Nickelsburg 1988, Deutsch and Silber 2005, Ramos 2008). This approach entails
the use of a single poverty line, while for multidimensional indexes an idiosyncratic threshold for each
dimension has to be identified.
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Choosing a criterion for how deprivation in different dimensions should contribute
to overall poverty is a task of major importance for a convincing multidimensional
evaluation. Indeed, different criteria may well lead to contrasting evaluation results,
with important consequences in terms of policy implications (Brandolini, 2007).
Besides, choosing such a criterion is an inescapable step because, it may definitely
be argued, the act of ‘not giving weights’ (equivalent in fact to attributing identical
weights to each dimension) is itself a subjective decision motivated by the value
judgement that all dimensions are equally valuable. We therefore follow the invitation
of both Sen (1973) and Atkinson (1987) not to turn the necessary awareness of the
arbitrariness involved in the exercise into a nihilistic attitude leading to disregard
what we can say.

In the literature there has not been thus far a specific attempt to conceptualize
the nature of the desired hierarchy among the selected poverty dimensions. Theoretical
and empirical work has relied on the use of dimension-specific multiplicative weights
increasing as the rank of the dimension is increased and the possible meanings of
the statement “dimension /4 is more important than dimension £~ have not been
searched for critically. This paper takes the first step towards this by conceptualizing
two alternative, simple and highly intuitive ways in which such statement can be
understood: restricted and unrestricted hierarchy. The hierarchy is unrestricted
when even a very small deprivation in the dominating dimension is deemed more
important than a large deprivation in the dominated dimension. If this ranking only
holds for the same deprivation level in the two dimensions (relative to the relevant
poverty line), then the hierarchy is said to be restricted. While the latter allows for
compensation among deprivations in different poverty domains, the former informs
a lexicographic representation of multidimensional poverty grounded on the view
that some aspects of poverty are essential while others, though important, are of
secondary importance. The conceptualization of the above types of hierarchy acquires
particular significance in the light of concerns frequently exhibited by governments
and international organizations —e.g., “Losses in human welfare linked to life
expectancy, for example, cannot be compensated for by gains in other areas such
as income or education.” (UNDP 2005, p. 22).

Focusing on the class of additive multidimensional poverty indices, this paper
derives the conditions on the individual deprivation functions under which the two
types of hierarchy can be implemented. It is shown that restricted hierarchy is
incompatible with headcount-like poverty functions, while it is not possible to
implement unrestricted hierarchy when standard axioms such as focus and continuity
are accepted. It follows that alternative structures are needed to account for the
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proposed hierarchical schemes. The standard use of dimension-specific multiplicative
weights that are increasing with the importance of the poverty dimension is sufficient
(but not necessary) for the implementation of restricted hierarchy. On the contrary,
the unrestricted hierarchy structure requires a fixed component to be added to the
poverty function of the dominating dimension, with the result that the individual
poverty index takes a lexicographic form. Following Bourguignon and Fields (1997),
such fixed component is directly interpretable as a ‘fixed welfare loss’ due to
deprivation in that dimension. An empirical application using microdata for Maldives
in 1997 and 2004 provides evidence that the verdict of multidimensional poverty
comparisons can be completely reversed under the two types of hierarchy.

This paper develops as follows. In Section II, we present the notation used
throughout the paper and describe the value judgements informing customary poverty
axioms. In Section III, we introduce our newly conceptualized types of hierarchy
and derive the analytical implications for their accommodation by a poverty index.
In Section IV, we first provide an illustration of how the described poverty criteria
can be easily incorporated in applied works through individual deprivation functions
based upon poverty dimensions’ rank order. Then, we carry out our empirical
application. Section V concludes.

II. Multidimensional poverty indices: basic notation and properties

Wereferto N, ,R, and R, as to the sets of strictly positive integers, nonnegative
and strictly positive real numbers, respectively. In a society of size n €N, the typical
i,, individual possesses m €N attributes identified by a vector f4 whose values are
drawn from R", the m-dimensional nonnegative Euclidean space. Each vector of
individual attributes can be thought of as one of the n rows of a n x m matrix X €
M",where M" denotes the set of all conceivable a n x m matrices whose entries are

nonnegative real numbers. Let M = UM ", and let a vector z=(z,,2,,....2,,) EZ

n=1

exhibit for each dimension the threshold below which an individual is considered
poor in that dimension,> where Z C R", is a subset of the m-dimensional nonnegative
Euclidean space with the origin deleted. The multidimensional poverty level in
society is obtained by means of multidimensional indices & which are real functions

2 In this way for each dimension we follow the “weak” definition of the poor provided by Donaldson
and Weymark (1986) — the “strong” definition consisting in deeming poor also those individuals which
are at the poverty line.
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mapping individual attributes belonging to matrix X and poverty thresholds belonging
to the set Z to the nonnegative part of the real line,ie. m: M xZ— R .As the
desirability of any social indicator rests on the extent to which the value judgements
motivating the properties it possesses are shared, let us look at the properties met
by the multidimensional poverty index:

”:%izpw M

Jj=1i€Q;

where p, ;= p,(x;,z;) is anon-increasing, positive- and real-valued deprivation
function quantifying the poverty level of individual i in dimensionj (p, ; = 0 for x;
=z, and p, ; >0 otherwise) and O, denotes the set of individuals that are poor in
dimension j.? The index s allows the accommodation of the Subgroup Consistency
axiom: an increase (decrease) in the poverty level of a subset of the population
induces an increase (decrease) in the aggregate poverty figure — see the results of
Foster and Shorrocks (1991) and Tsui (2002) in the unidimensional and
multidimensional spaces, respectively. The index & belongs to the Set of Additive
Poverty Indices discussed by Bourguignon and Chakravarty (2003). As pointed out
by the authors, those indices allow a ‘two-way poverty breakdown’ (p. 35) — by
both population subgroups and poverty dimensions — particularly useful for the
identification of the subgroup-attributes combinations exhibiting the most severe
situations of deprivation and for the design of anti-poverty policies under scarcity
of resources. However, the drawback of the family of (doubly) additive poverty
indices is the inability to meet multidimensional versions of the principle of transfers
and the insensitivity to changes in the correlation among attributes.* 7 satisfies the
Anonymity axiom — permutations of the entire array of attributes across individuals
leave the aggregated poverty level unchanged — and the Population Invariance
axiom — if two identical societies are merged then the poverty level in the resulting
society equals the poverty level in each of the original societies. Furthermore, when

3 For an exhaustive coverage of the issue of the identification-counting of the poor in the multidimensional
space, see Bourguignon and Chakravarty (2003) and Alkire and Foster (2008).

41n our work, we will consider only the One Dimensional Transfer Principle defined by Bourguignon
and Chakravarty (2003) — see below. The authors discuss also a family of non-additive measures which
does not allow the mentioned ‘two-way poverty breakdown’ but accounts for sensitivity to correlation
among attributes. For an exhaustive treatment of those issues, see also Atkinson and Bourguignon (1982)
and Tsui (2002).
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mris insensitive to the distribution of attributes above the respective poverty thresholds
the index is said to satisfy the Focus axiom.

Among the multidimensional indices possessing the properties mentioned above,
let us consider the family 7z where the deprivation function in the generic dimension
Jjis p;i[0.1]— R, with values p;; = (#;;) and argument ¢, ; = x, ; /z, . The index T,
yields the overall poverty value for individual i:

7 =3p,(1,) @)

Since the argument of each individual deprivation function is expressed in
relative terms, the resulting poverty index ensures the accommodation of the Scale
Invariance axiom, according to which the multiplication of both the j,, column of
attributes in the matrix X and the relevant poverty threshold by a positive scalar
leaves the index unaffected. It should be noted that p;; in 7 is a transformation of
the level of the j,, attribute possessed by the i,, individual expressed as a proportion
of the relevant poverty threshold and, consequently, each functioning failure quantified
by 7 is a dimensionless number. Thanks to that, the comparability of functioning
failures in the different dimensions as well as their combination into a unique number
are significantly facilitated.

Two lines along which it is valuable to further narrow multidimensional poverty
indices down concern the imposition of restrictions on (i) the addenda of the
summation in i for a certain dimension j —i.e., the poverty levels of different poor
individuals regarding dimension j— and on (ii) the addenda of the summation in j
for a certain poor individual i —i.e., her poverty levels in different dimensions.
According to the first line, identically to one-dimensional poverty analysis, the
behaviour of p;; as t;; varies in [0,1] needs to be chosen. The further 7;; falls below
one is typically considered as an event yielding either no variation or an increase
(at either constant or increasing rates) in j-poverty. Individual deprivation functions
that are either constant or linearly decreasing or convexly decreasing in ¢ in the
interval [0,1] will be used in those three cases, respectively. All decreasing p;;’s
satisfy the so-called Monotonicity axiom — a decrease in the endowment of attribute
Jinduces an increase in j-poverty — while convexly decreasing p; s satisfy also what
Bourguignon and Chakravarty (2003) call One Dimensional Transfer Principle
since they are sensitive to mean-preserving changes in the distribution of attribute
Jj —atransfer between two poor individuals should not increase (decrease) poverty
if the recipient is poorer (richer) than the donor. Restricting the functional form of
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7 according to the second line entails the incorporation of value judgements
concerning the relative importance of different poverty dimensions. Suppose that
the endowments of individual 7 in two different dimensions are exactly half the
respective poverty thresholds. Should the poverty value in the two dimensions be
the same or should one exceed the other? A rationale needs to be chosen to determine
the way the different dimensions should contribute to overall poverty.

Before addressing that issue in the next section, let us introduce the Strong
Continuity axiom (ST), requiring a poverty index to be continuous at (also) the
poverty line. Since the poverty value associated with incomes smaller than the
poverty line is positive and null otherwise, ST can be accommodated only by indices
decreasing towards zero in the left neighbourhood of the poverty line — i.e.
f,l,ig}* p;;()=0forallz, ;’s. ST has important implications on the way poverty is
conceived. A continuous deprivation function is generally justified by the idea that
“given a very small change in a poor person’s income, we could not expect a huge
jump in the poverty level” (Zheng, 1997: 131). However, the belief that this should
happen also at the poverty line is disputable. Indeed, “the use of a poverty line
to sharply demarcate the rich from the poor suggests [...] that a poverty index
might be discontinuous at the poverty line”” (Donaldson and Weymark, 1986, p.
674). Bourguignon and Fields (1997) conceptualize poverty indices presenting a
‘jump’ discontinuity at the poverty line as tools able to capture two distinct aspects
of the welfare loss associated with poverty. One arises from the inability to meet
what is conventionally accepted as a minimum achievement in a certain dimension
and is independent of the exact magnitude of individual endowments. The other
reflects the consideration that poverty becomes harsher the further the endowment
in a certain dimension falls below the relevant poverty line. In their own words,
those two aspects reflect “the loss from being poor and the loss from being poorer”
(p- 155) — for a discussion of the poverty measurement options opened up by this
approach, see Esposito and Lambert (2009).

II1. Ranking poverty dimensions: restricted vs. unrestricted hierarchy

When it comes to the choice of how different poverty dimensions should contribute
to overall poverty, two remarks appear necessary. Firstly, as we observed in the
Introduction, any skepticism about the choice of prioritizing one dimension over
another grounded merely on the arbitrary nature of such decision should bear in
mind that ‘not giving weights’ (equivalent in fact to attributing identical weights
to all dimensions) is itself a subjective decision, reflecting the value judgement that
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those dimensions are equally important. Secondly, when two dimensions are deemed
to have different importance what primarily interests the analyst is to establish a
hierarchy among them before raising cardinal concerns. We envisage two alternative,
simple and intuitive ways of conceiving a hierarchy between poverty dimensions
h and k, with dimension 4 deemed to be more important than dimension k. Consider
the two following requirements:

Unrestricted Hierarchy (UH): p,(t,,)> p,(t,,) forallz,, and ¢, <1,

Restricted Hierarchy (RH): p,(t,,)> p.(t,,) forall t,, andr,, <lsuchthat ¢, <t
but 3¢, >/, such that p,(¢;,) < p,(t;,).

UH requires the poverty value associated with a poor achievement in dimension
h to be larger than that associated with a poor achievement in dimension & independently
of the magnitudes of those achievements. In other words, UH requires the poverty
value associated with a z — ¢ level of achievement in the dominating dimension,
€ >0, to be larger than that associated with a very small (and potentially null) level
of achievement in the dominated dimension. Conversely, RH requires the hierarchy
to hold only when the achievement in dimension /% is no greater than the achievement
in dimension k.3 It is highly intuitive to think of requirements UH and RH in terms
of percentage of failure in achieving the relevant poverty line. According to UH an
X% failure in achieving z,, is harsher than a Y % failure in achieving z, for any X and
Y. Differently from UH, RH postulates that an X% (or larger) failure in achieving
7, 1s always harsher than an X% failure in achieving z,, but a large enough failure in
achieving z, is harsher than a small enough failure in achieving z,,. The first kind of
hierarchy will be referred to as & >— k while the second one as h > k . As will be
shown in our empirical application, the proposed way of sorting out binary comparisons
between poverty dimensions is safely extendible to the organization of m > 2
dimensions.

Three analytical results are offered, which concern the implications of the newly
introduced types of hierarchy in terms of functional form for a poverty measure.
We will show (i) the incompatibility between headcount-like individual deprivation
functions and RH; (ii) the impossibility for poverty-line continuous indices to

5 As remarked in Section II, to ensure inter-dimension comparability achievements in different dimensions
are to be intended as normalised by their respective poverty lines — i.e. as quantified by the ratio
fy =%l



HIERARCHY AMONG POVERTY DIMENSIONS 189

accommodate UH and (iii) the functional form needed for the accommodation of
UH. Our Propositions 1 reads as follows.

RH
Proposition 1. & > k can be accommodated by a poverty index of the class 7 only
if both of p,(t,,) and p,(t;;) are non-constant individual deprivation functions. Proof.
See Appendix A.

Proposition 1 highlights what is a significant limitation affecting multidimensional
poverty evaluation whenever only a dichotomous indicator is available for a certain
dimension. The significance of this result is considerable because this circumstance
is in fact rather frequent. Indeed, for a variety of non-monetary dimensions only
dichotomous indicators are offered by existing datasets —e.g. the conditions of
literate/illiterate, employed/unemployed, etc. In those cases the individual contribution
function accounting for poverty in that dimension cannot but be constant in the poor
domain, thus precluding the possibility of implementing RH in binary comparisons
involving that dimension. Given Proposition 1, in what follows we shall consider
only p,(t;;)’s which are non-constant for levels of achievement smaller than z;.

Consider now the multidimensional extension of the Foster et al. (1984) index
proposed by Bourguignon and Chakravarty (2003) within their Set of Additive

Poverty Indices: 75 = lz E a, (1_;“ )ef_ For strictly positive values of the
nisiico,
poverty-aversion parameter 6, this is an example of the implementation of I;Ij via
p;’s exhibiting a multiplicative functional form® such as a, f(7, ;), where a; €ER s
a weight increasing with the importance assigned to the poverty dimension j and fis
apoverty-line continuous, strictly positive- and real-valued function decreasing in 7; ;.
While, as we have just seen with relation to 772¢, RH and ST can be jointly met
by a poverty index, an impossibility theorem can be stated for what concerns the
simultaneous accommodation of UH and ST. Consequently, a characterization
theorem for the functional form allowing the accommodation of UH can be directly
derived. Those are our Propositions 2 and 3, respectively.

Proposition 2. There exists no poverty index of the class 7 jointly accommodating
UH and ST. Proof. See Appendix A.

6 Such a functional form is also used by Chakravarty and Silber (2008, p.199).
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Proposition 3. A poverty index of the class 7 satisfies UH between the two dimensions
h and k (that is hU>H k) if and only if p,(t,) = g,(t;,)+ A, where g, is a strictly
positive, continuous and decreasing function and A, is an interval function, with
constantvalue A, =max p,(t,,) when t,, E[O,l) and A, = 0 for t;;, = 1. Proof. See
Appendix A.

As a corollary of our Proposition 2, it follows that & R: k is implemented whenever
pi(t; ) lies above p,(t;,) and the magnitude of the jump-discontinuity at the poverty
line for p,(#;,) (if any) is smaller than max p,(¢;,).

Propositions 2 and 3 show that the desired type of hierarchy among poverty
dimensions has considerable implications on the way poverty is conceptualized.
Proposition 2 shows that the implementation of % > k cannot get away from an
understanding of poverty which encompasses a ‘fixed’ welfare loss in dimension
h, along the lines of the interpretation suggested by Bourguignon and Fields (1997)
and described in Section II. More specifically, the hlg k type of hierarchy requires
not only the existence for dimension £ of a ‘fixed’ welfare loss, but also the magnitude
of such a loss to be at least as large as the poverty value associated with a complete
functioning failure in dimension k —as postulated by Proposition 3.

Here is a clarifying example. Take shelter (s/) and education (ed) as dominating
and dominated dimensions, respectively. Suppose that being poor in sk means not
to have a roof over your head every night, while being poor in ed means having
less than z,, years of schooling. One may reasonably argue that the more nights you
go without a roof over your head the poorer you are, but the ‘homelessness’ condition
of not having a guaranteed shelter is per se worse than having less than z,, years of
schooling —even worse thanygever having gone to school. Such a value judgement
would be reflected in a sh > ed type of hierarchy, which would require p(#; ;)
exhibiting a jump-discontinuity at least as large as p,(t,., = 0). It follows that no
improvement in the education dimension (not even escaping education poverty)
can compensate for a condition of deprivation in the shelter dimension. The assumption
of no compensation between dimensions is inherent in a lexicographic representation
of multidimensional poverty, according to which some attributes are essential while
others, though important, are of secondary importance.” It should be noted that the
lack of compensation at the individual level does not extend to the aggregate level.

7 This is surely a strong assumption in those cases where variables are continuous and the possibility is
open for an individual to be only an epsilon below the poverty line in the dominating dimension. It is
less questionable when variables are dichotomous or categorical.
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In our framework the contribution to overall poverty of an individual who is poor
in the shelter dimension can be outweighed by the contributions of, say, two
individuals lacking adequate levels of education.

IV. Restricted vs. unrestricted hierarchy: an empirical application
through a simple ordinal approach

A. Multidimensional poverty: an ordinal approach to measurement

In the poverty function p, (¢, ) = g;(#; ;) + A, discussed in our Proposition 3, the first
addendum g;(z;;) accounts for the ‘variable loss’, while the second addendum A,
represents the ‘jump’ discontinuity at the poverty line and hence the magnitude of the
‘fixed loss’. In order to provide an illustration of the proposed approach let us choose
g;(t,;))=a,p ;) and A, = w,r;, leading to the following parametric formulation:

ﬁj(fi,j)=05,~¢(l;,j)+wjr,, (3)

where 0 < ; < 1 is a weight increasing with the importance of dimension j, @ is a
poverty-line continuous, normalized, strictly positive, and real-valued function
decreasing in #;;* w; ER,, and r; EN denotes dimension ;’s rank order —poverty
dimensions being ranked in increasing order of importance. The rationale for choosing
(3) in our application is that, for ;= w = 1, a hierarchical scheme of the kind lf is
implemented simply by building upon poverty dimensions’ rank order. The reason is
that the difference between the rank order of two poverty dimensions that are subsequent
in the ranking is nothing but the difference between two subsequent positive integers,
which equals one and hence is able to offset any possible difference between the
variable losses of two poverty functions — since H,I,%X @, ;)= ;=0)=1 then

0<a;p(t ;) <1 for all j and |ak(p(ti,k)_ o,@(t;, )| <1 for all & and k. Differently,

when w equals zero for all j’s we have poverty-line continuous functions accounting
RH

only for a ‘variable loss’ and a hierarchy of the kind > is implemented among poverty

dimensions. The overall poverty level of individual i is given by:

P = D[t )+ 0,1, ] = [ong(t,) 0, ]+ [l )+ 20, ] “

+o.t [amq)(tl.’m) +mw,, ] .

8 Possible ¢’s are the individual deprivation functions of well-known indices such as those in Foster et
al. (1984) and Chakravarty (1983).
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Note that (4) allows to choose idiosyncratic ;s for different poverty dimensions.
This opens up the possibility to implement alternative strategies for what concerns
the type of hierarchical schemes among dimensions. For example, suppose that the
analyst assessing multidimensional child poverty identifies as relevant dimensions
‘calories intake’ (ci), ‘housing’ (ho), ‘education’ (ed) and ‘play time’ (p?), arranged
in decreasing order of importance. By setting a; = 0.1r; a hierarchy of type [;1 will
be implemented and the functional form in (4) yields:

4
P, E [aj(p(t,.j) + wjrj] = [O.l(p(t,.!p,)+ w,, ] +[020(t; ) + 200,
=

+[03¢(1,,,)+ 30, |+ [04¢(t,,) + 40,

RH UH RH
Suppose now that the analyst deems it appropriate to require ci > ho > ed > pt.

This may be justified by the willingness to implement a R>H type of hierarchy both
between the two poverty dimensions related to physical integrity (ci and ho) and
between the two poverty dimensions related to psychological development (ed and
pt),but an U>H hierarchy type between the two groups. Among the functional forms

for individual poverty functions granting the implementation of the hierarchical
RH UH RH
scheme ci > ho > ed > pt,for dimensions pt, ed, ho and ci we consider, respectively:

Poti,) =019, ), Pyt o) = 020, ), Pr(t:4,) = 030(1,,)+0.2,
ﬁci (ti,ci) = 0'4(17(1‘,-’01-) + 02

For all dimensions pt, ed, ho and ci those functional forms relate to x;; < z;, while
for x;; = z; the accommodation of the Focus axiom clearly requires that p,(z, ;) = 0.

See first case in Appendix B for the derivation of the conditions on ;. In Figure 1

Figure 1. Individual poverty functions for dimensions pt, ed, ho and ci
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those poverty functions are plotted for ¢ = (1-1, j)z — squared poverty gap. As can
be noted, under both UH and RH the dominant deprivation function is always
required to lie above the dominated one, while the existence of intersection points
between them would imply switches in the hierarchy.

B. An application to Maldives 1997-2004

The analysis is carried out using data from the Vulnerability and Poverty Assessments,
two household surveys run in The Maldives Republic in 1997 and 2004 (hereby
VPA-1 and VPA-2) by the Minister of Planning and National Development (MPND)
with the UNDP collaboration. Basically the same questionnaire and definitions are
used in the two waves, making the data fully consistent between the two surveys.
All 200 inhabited islands are covered and the sample size is over 2,700 households
(2,400 from all Atolls, the remaining from Malé).?

These surveys provide a wide range of variables regarding living conditions
and socio-economic characteristics at both household and individual level, allowing
the performance of multidimensional poverty and well-being assessments. Moreover,
the surveys gather information on the importance attached to a pre-defined list of
living standard dimensions by both individuals and the Island Communities — the
