CHAPTER 3: FORWARD AND FUTURES PRICES
In this chapter we discuss how forward prices and futures prices are related to the price of the underlying asset. Forward
contracts are generally easier to analyze than futures contracts because there is no daily settlement.

3.1 Some Preliminaries
Continuous Compounding

Consider an amount A invested for n years at an interest rate of R per annum. If the rate is compounded once per annum,
the terminal value of the investment is

A(1+R)"
If it is compounded m times per annum, the terminal value of the investment is

A(1+ Ej
m

The limit as m tends to infinity is known as continuous compounding. With continuous compounding, it can be shown that an
amount A invested for n years at rate R grows to

AeRn
Compounding a sum of money at a continuously compounded rate R for n years involves multiplying it by e®". Discounting it at a
continuously compounded rate R for n years involves multiplying by e ",
Suppose that R_ is a rate of interest with continuous compounding and R, is the equivalent rate with compounding m
times per annum. From the results in the last two equations we must have
mn
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and
R, =m(e™™ 1)

These equations can be used to convert a rate where the compounding frequency is m times per annum to a continuously
compounded rate, and vice versa.
Finally, we note that a rate expressed with a compounding frequency of m, can be converted to a rate with a compounding

frequency of m,.
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so that

This means that

Short Selling

Some of the arbitrage strategies presented in this chapter involve short selling. This is a trading strategy that yields a profit
when the price of a security goes down and a loss when it goes up. It involves selling securities that are not owned and buying them
back later.

Assumptions
In this chapter we assume there are some market participants for which the following are true:

1. There are no transaction costs.

2. All trading profits (net of trading losses) are subject to the same tax rate.

3. The market participants can borrow money at the same risk-free rate of interest as they can lend money.
4. The market participants take advantage of arbitrage opportunities as they occur.

Repo Rate

The relevant risk-free rate of interest for many arbitrageurs operating in the futures market is what is known as the repo
rate. A repo or repurchase agreement is an agreement where the owner of securities agrees to sell them to a counterparty and buy
them back at a slightly higher price later. The counterparty is providing a loan. The difference between the price at which the
securities are sold and the price at which they are repurchased is the interest earned by the counterparty.

Notation
Some of the notation that will be used in this chapter is as follow:



T : time when the forward contract matures (years)

t: current times (years)

S : price of asset underlying the forward contract at time t

S, : price of asset underlying the forward contract at time T (unknown at t)

K : delivery price in the forward contract

f . value of a long forward contract at time t

F : forward price at time t

r: risk-free rate of interest per annum at time t, with continuous compounding,
for an investment maturing at time T

It is important to realize that the forward price, F, is quite different from the value of the forward contract, f. The forward price at
any given time is the delivery price that would make the contract have a zero value. When a contract is initiated, the delivery price is
normally set equal to the forward price so that F=K and f=0. As time passes, both f and F change.

3.2 Forward Contracts on a Security that Provides no Income

For there to be no arbitrage opportunities, the relationship between the forward price and the spot price for a no-income
security must be

F=8e""

We now use rather more formal arguments to provide a relationship between the value of a long forward contract, f, and its delivery
price, K. Consider the following two portfolios:

Portfolio A: one long forward contract on the security plus an amount of cash equal to Ke "
Portfolio B: one unit of the security

In portfolio A, the cash, assuming that it is invested at the risk-free rate, will grow to an amount K at time T. It can then be used to
pay for the security at the maturity of the forward contract. Both portfolios will therefore consist of one unit of the security at time
T. It follows that they must be equally valuable at the earlier time, t. If this were not true, an investor could make a riskless profit by
buying the less expensive portfolio and shorting the more expensive one.

It follows that

frke =5
or
f=5-Ke' ™

When a forward contract is initiated, the forward price equals the delivery price specified in the contract and is chosen so that the
value of the contract is zero. The forward price, F, is therefore that value of K which makes f=0 in the last equation, that is,

F=se"

3.3 Forward Contracts on a security that provides a known cash income

Define | as the present value, using the risk-free discount rate, of income to be received during the life of the forward
contract.

For there to be no arbitrage, the relationship between F and S must be

F=(S—1)e

Again we can use formal arguments to relate the value of a long forward contract, f, to its delivery price, K. We change portfolio B
in the preceding section to:

Portfolio B: one unit of the security plus borrowings of amount | at the risk-free rate.

The income from the security can be used to repay the borrowings so that this portfolio has the same value as one unit of the
security at time T. Portfolio A also has this value at time T. The two portfolios must therefore have the same value at time t, that is,

frke ™ =51
or
f=5—1-Ke'™
The forward price, F, is, as above, the value of K that makes f zero. Using this last equation we obtain
F=(S-1)e

3.4 Forward Contracts on a Security that Provides a Known Dividend Yield
A known dividend yield means that the income when expressed as a percentage of the security price is known. We assume
that the dividend is paid continuously at an annual rate g. To value the forward contract, portfolio B in section 3.2 can be replaced

by:

Portfolio B: e ™" of the security with all income being reinvested in the security



The security holding in portfolio B grows as a result of the dividends that are paid, so that at time T exactly one unit of the security
is held. Portfolios A and B are therefore worth the same at time T. From equating their values at time t, we obtain

f+Ke T =gg ™
or

f =99 _Ke" (Y
And the forward price is given by the value of K hat makes f zero:
F = ge(r-a-)
Note that if the dividend yield rate varies during the life of the forward contract, this equation is still correct with g equal to the
average dividend yield rate.

3.5 General Result

The value of a forward contract at the time it is first entered into is zero. At a later stage it may prove to have a positive or a
negative value. There is a general result, applicable to all forward contracts, that gives the value of a long forward contract in terms
of the originally negotiated delivery price and the current forward price. This is

f=(F-K)e" ™

3.6 Forward Prices versus Futures Prices

Appendix 3A provides an arbitrage argument to show that when the risk-free interest rate is constant and the same for all
maturities, the forward price for a contract with a certain delivery date is the same as the futures price for a contract with the same
delivery date. The argument in Appendix 3A can be extended to cover situations where the interest rate is a known function of time.

When interest rates vary unpredictable (as they do in the real world), forward and futures prices are in theory no longer the
same. We can get a sense of the nature of the relationship by considering the situation where the price of the underlying asset, S, is
strongly positively correlated with interest rates. When S increases, an investor who holds a long futures position makes an
immediate gain because of the daily settlement procedure. Since increases in S tend to occur at the same time as increases in the
interest rate, this gain will tend to be invested at a higher-than-average rate of interest. Similarly, when S decreases, the investor will
make an immediate loss. This loss will tend to be financed at a lower-than-average rate of interest. An investor holding a forward
contract rather than a futures contract is not affected in this way by interest rate movements. It follows that, ceteris paribus, a long
futures contract will be more attractive than a long forward contract. Hence, when S is strongly positively correlated with interest
rates, futures prices will tend to be higher than forward prices. When S is strongly negatively correlated with interest rates, a similar
argument shows that forward prices will tend to be higher than futures prices.

3.7 Stock Index Futures

A stock index tracks the changes in the value of a hypothetical portfolio of stocks. The weight of a stock in the portfolio
equals the proportion of the portfolio invested in the stock. A stock index is not usually adjusted for cash dividends.

It is worth noting that if the hypothetical portfolio of stocks remains fixed, the weights assigned to individual stocks in the
portfolio do not remain fixed. A corollary to this is that if the weights of the stocks in the portfolio are specified as constant over
time, the hypothetical portfolio will change each day. If the price of one particular stock in the portfolio rises more sharply than
others, the holding of the stock must be reduced to maintain the weighting.

Futures Prices of Stock Indices

Most indices can be thought of as securities that pay dividends. The security is the portfolio of stocks underlying the index,
and the dividends paid by the security are the dividends that would be received by the holder of this portfolio. To a reasonable
approximation, the dividends can be assumed to be paid continuously. If q is the dividend yield rate, the futures price is defined as

F = ge(ra-

In practice, the dividend yield on the portfolio underlying an index varies week by week throughout the year. The value of g that is
used should represent the average annualized dividend yield during the life of the contract. The dividends used for estimating q
should be those for which the ex-dividend date is during the life of the futures contract.

Index Arbitrage
If F>Sel 9, profits can be made by buying the stocks underlying the index and shorting futures contracts. If

F < Se 7Y profits can be made by doing the reserve. These strategies are known as index arbitrage. For indices involving
many stocks, index arbitrage is sometimes accomplished by trading a relatively small representative sample of stocks whose
movements closely mirror those of the index. Often, index arbitrage is implemented using program trading.

The Growth Rate of Index Futures Prices
In this section we show that the growth rate of an index futures price equals the excess return of the underlying index over
the risk-free rate. We consider the futures price at some earlier time z . Define:

F_: index futures price at time ¢

T

S, : spot price of index at time

If the portfolio underlying the index provides an excess return over the risk-free rate of x, the total return is x+r. Of this, q is
realized in the form of dividends and x+r-q is realized in the form of capital gains. Hence



S, = gelrrr-a)=-t)
so if
F=5"9Y and E =5 ™97
It follow from these three equations that C
F. =Fe™
Showing that the growth rate of the futures prices equals the excess return on the index.

Hedging Using Index Futures

Stock index futures can be used to hedge the risk in a well-diversified portfolio of stocks. The relationship between the
return on a portfolio of stocks and the return on the market is described by a parameter S . The analysis in the preceding section
shows that the excess return on the index over the risk-free rate equals the growth rate of the futures price. The return on the index is
a reasonable proxy for the return on the market. The growth rate of an index futures price can therefore be considered to be equal to
the excess return of the market over the risk-free rate. It follows from the capital asset pricing model that the expected excess return
on a portfolio is its g times the proportional change in an index futures price. To hedge a portfolio we therefore need to use index
futures contracts with a total underlying asset value equal to the portfolio’s beta times the value of the portfolio. Define:

IT: value of the portfolio

3 underlying asset value of one futures contract (if one futures contract is on
m times the index, 3 =mF)
It follows that the optimal number of contracts to short when hedging is

o
S

A stock index hedge, if effective, should result in the value of the hedge position growing at close to the risk-free interest
rate. The excess return on the portfolio (whether positive or negative) is offset by the gain or loss on the futures. It is natural to ask
why the hedger should go to the trouble of using futures contracts. If the hedger’s objective is to earn the risk-free interest rate, he or
she can simply sell the portfolio and invest the proceeds in Treasury bills.

One possibility is that the hedger feels that the stocks in the portfolio have been chosen well. He or she might be very
uncertain about the performance of the market as a whole but confident that the stocks in the portfolio will outperform the market
(after appropriate adjustments have been made for the g of the portfolio). A hedge using index futures removes the risk arising
from market moves and leaves the hedger exposed only to the performance of the portfolio relative to the market. Another
possibility is that the hedger is planning to hold a portfolio for a long period of time and requires short-term protection in an
uncertain market situation. The alternative strategy of selling the portfolio and buying it back later might involve unacceptably high
transaction costs.

Changing Beta
Stock index futures can be used to change the beta of a portfolio. In general, to change the beta of the portfolio from £ to

S *, ashort position in

11
(B-5)%
3
Contracts is required. When g < £ *, a long position in
« I1
(5 -8)=
S

Is required.

3.8 Forward and Futures Contracts on Currencies

The variable, S, is the current price in dollars of one unit of the foreign currency; K is the delivery price agreed to in the
forward contract. A foreign currency has the property that the holder of the currency can earn interest at the risk-free interest rate
prevailing in the foreign country. We define r, as the value of this foreign risk-free interest rate with continuous compounding.

The two portfolios that enable us to price a forward contract on a foreign currency are

Portfolio A: one long forward contract plus an amount of cash equal to Ke ™Y

—re (Tt

Portfolio B: an amount e ) of the foreign currency

Both portfolios will become worth the same as one unit of the foreign currency at time T. They must therefore be equally valuable at
time t. Hence

f+Ke ™Y =ge (™Y

or

f _ Se—r, (T-1) _ Ke—r(T—t)
The forward price is the value of K that makes f=0 in this last equation. Hence

= Se(r—r, )(T-1)
This is the well-known interest rate parity relationship from the field of international finance.



Note that the last two equations are identical to those used by a security that yields dividends. When the foreign interest
rate is greater than the domestic interest rate, F is always less than S and decreases as the maturity of the contract increases.
Similarly, when the domestic interest rate is greater than the foreign interest rate F is always greater than S and increases over time.

3.9 Futures on Commodities

Here it will prove to be important to distinguish between commaodities that are held by a significant number of investors
solely for investment and those that are held primarily for consumption. Arbitrage arguments can be used to obtain exact futures
prices in the case of investment commodities. However, it turns out that they can only be used to give an upper bound to the futures
price in the case of consumption commodities.

Gold and Silver
If storage costs are zero, they can be considered as being analogous to securities paying no income. The futures price, F,
should be given by
F=5"Y
Storage costs can be regarded as negative income. If U is the present value of all storage costs that will be incurred during the life of
a futures contract, it follows that
F=(S+U)e™
If the storage costs incurred at any time are proportional to the price of the commodity, they can be regarded as providing a negative
dividend yield. In this case
F = Se(r+u)(T—t)

Other Commodities
For commodities that are not held primarily for investment purposes, suppose that instead of F = (S +U )er(T") we have

F > (S +U )er(H) . To take advantage of this, an arbitrageur should implement the following strategy:

1. Borrow an amount S+U at the risk-free rate and use it to purchase one unit of the commodity and to pay storage costs.
2. Short a futures contract on one unit of the commodity.

There is no problem implementing the strategy for any commodity. However, as arbitrageurs do so, there will be a tendency for S to
increase and F to decrease until the equation is no longer true. We conclude that this equation cannot hold for any significant length
of time.

Suppose next that

F<(S+U)e™

We might try to take advantage of this using a strategy analogous to that for a forward contract on a non-dividend-paying stock
when the forward price is too low. However, this would involve shorting the commaodity in such a way that the storage costs are
paid to the person with the short position. This is not usually possible.

For investors who hold the commaodity solely for investment, when the inequality is observer, they will find it profitable to:
1. Sell the commodity, save the storage costs, and invest the proceeds at the risk-free interest rate.
2. Buy the futures contract.

For commaodities that are not, to any significant extent, held for investment, this argument cannot be used. Individuals and
companies who keep the commodity in inventory do so because of its consumption value —not because of its value as an investment.
They are reluctant to sell the commodity and buy futures contracts since futures contracts cannot be consumed. There is therefore

nothing to stop F <(S+U )e""™" from holding. Since F >(S+U )e""™" cannot hold, all we can asset for a consumption
commodity is
F<(S+U)e™
If storage costs are expressed as a proportion of the spot price, the equivalent result is
F < Sl

Convenience Yields

When F < Se™ users of the commodity must feel that there are benefits from ownership of the physical commodity
that are not obtained by the holder of a futures contract. These benefits may include the ability to profit from temporary local
shortages or the ability to keep a production process running. The benefits are sometimes referred to as the convenience yield
provided by the product. If the dollar amount of storage costs is known and has a present value, U, the convenience yield, v, is
defined so that

Fe/™) = (S+U)e ™™
or

Fey(T—t) _ Se(r+u)(T—t)

So

F = Se(r+u—y)(T—t)

The convenience yield reflects the market’s expectations concerning the future availability of the commodity. The greater
the possibility that shortages will occur during the life of the futures contract, the higher the convenience yield.



3.10 The Cost of Carry

The relationship between futures prices and spot prices can be summarized in terms of what is known as the cost of carry.
This measures the storage cost plus the interest that is paid to finance the asset less the income earned on the asset. For a non-
dividend-paying stock, the cost of carry is r since there are no storage costs and no income is earned; for a stock index, it is r-g since
income is earned at rate g on the asset; for a currency, itis r—r, ; for a commodity with storage costs that are a proportion u of the

price, it is r+u; and so on.
Define the cost of carry as c. For an investment asset, the futures price is F = Se“™  Fora consumption asset, it is
F=Sele Y,

3.11 Delivery Choices

Whereas a forward contract normally specifies that delivery is to take place on a particular day, a futures contract often
allows the party with the short position to choose to deliver at any time during a certain period. This introduces a complication into
the determination of futures prices. Should the maturity of the futures contract be assumed to be the beginning, middle, or end of the
delivery period? Even though most futures contracts are closed out prior to maturity, it is important to know when delivery would
have taken place, in order to calculate the theoretical futures price.

If the futures price is an increasing function of the time to maturity, the benefits from holding the asset (including
convenience yield and net of storage costs) are less than the risk-free rate. It is then usually optimal for the party with the short
position to deliver as early as possible. This is because the interest earned on the cash received outweighs the benefits of holding the
asset. As a general rule, futures prices in these circumstances should therefore be calculated on the basis that delivery will take place
at the beginning of the delivery period. If futures prices are decreasing as maturity increases, the reverse is true.

3.12 Futures Prices and the Expected Future Spot Price

The situation where the futures price is below the expected future spot price is known as normal backwardation; the
situation where futures price is above the expected future spot price is known as contango. We now consider the factors determining
normal backwardation and contango from the point of view of the trade-offs that have to be made between risk and return in capital
markets.
Risk and Return

In general, the higher the risk of an investment, the higher the expected return demanded. There are two types of risk in the
economy. Nonsystematic risk should not be important. This is because it can be almost completely eliminated. Systematic risk,
instead, cannot be diversified away. An investor in general requires a higher expected return than the risk-free interest rate for
bearing positive amounts of systematic risk.

The Risk in a Futures Position

Consider a speculator who takes a long futures position in the hope that the price of the asset will be above the futures price
at maturity. We suppose that the speculator puts the present value of the futures price into a risk-free investment at time t while
simultaneously taking a long futures position. We assume that the futures contract can be treated as a forward contract and that the
delivery date is T. The proceeds of the risk-free investment are used to buy the asset on the delivery date. The asset is then
immediately sold for its market price. This means that the cash flows to the speculator are

Timet: —Fe™"™Y
Time T: +S;

The present value of this investment is
—Fe Y+ E(S, )e

Where k is the discount rate appropriate for the investment. Assuming that all investment opportunities in securities markets have
zero net present value,

—Fe T+ E(S )e TV =0

or

F=E(S,)e"
The value of k depends on the systematic risk of the investment. If S, is uncorrelated with the level of the stock market, the
investment has zero systematic risk. In this case, k=rand F =E(S; ). If S; is positively correlated then k>rand F <E(S;).
Finally, if S; is negatively correlated with the stock market, the investment has negative systematic risk. This means that k<r and
F>E(S;).

Appendix 3A: Proof that Forward and Futures Prices are equal when Interest Rates are Constant
Suppose that a futures contract lasts for n days and that F, is the futures price at the end of day i (O <i< n) . Define & as
the risk-free rate per day (assumed constant). Consider the following strategy:
1. Take a long futures position of e’ at the end of day 0.
2. Increase the long position to e*° at the end of day 1.
3. Increase the long position to e* at the end of day 2.



And so on.
By the beginning of day i, the investor has a long position of e . The profit (possibly negative) from the position on day i
is
(Fu - Fi-l)e(Si
Assume that this is compounded at the risk-free rate until the end of day n. Its value at the end of day n is
(Fl _ Fi_l)esie(n—i)& _ (F| _ Fi_l)ena
The value at the end of day n of the entire investment strategy is therefore

n

Z(Fu - Fi,l)e”‘* :(Fn _ Fo)ems

i=1
Since F, isthe same as the terminal asset price, S, , the terminal value of the investment strategy can be written

(S, —F,)e™
An investment of F, in a risk-free bond combined with the strategy just given yields
Fe™ +(S; —Fy)e™ =S;e"
Attime T. No investment is required for all the long futures positions described. It follows that an amount F, can be invested to
given an amount S,e"™ attime T.
Suppose next that the forward price at the end of day 0 is G, . By investing G, in a riskless bond and taking a long forward
position of e" forward contracts, an amount S.e" is also guaranteed at time T. Thus, there are two investment strategies, one

requiring an initial outlay of F,, the other requiring an initial outlay of G, , both of which yield S,e™ at time T. It follows that in
the absence of arbitrage opportunities
=G,

In other words, the futures price and the forward price are identical.



